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Abstract This paper deals with the energy transport properties of charged particles 
with time-dependent damping force. Based on the proposed nonlinear dimensionless 
mapping, the stability and dynamical evolution of the particle system is analyzed with 
the help of manifold-based analysis approach. It has been found that the particle 
system possesses two types of energy asymptotic behaviors. More significantly, the 
underlying mechanism of an “energy barrier” is uncovered, i.e., one generalized 
invariant spanning curve emerges in the dissipative particle system. These results will 
be useful to enrich the energy transport behavior knowledge of the particle system. 
1. Introduction 
 Fermi acceleration (FA), a strange physical phenomenon where a particle 
acquires unlimited energy, has given an adequate explanation for the origin of high 
energy of cosmic rays [1]. Since then, some investigation has been carried out on the 
dynamical characteristics of various particle systems in the field of physics [2-7]. It 
has been found that many particle systems possess a very complex mixed phase space 
structure including chaotic sea, Kolmogorov-Arnol’d-Moser (KAM) islands and a set 
of invariant spanning curves [8-12]. In actual applications, particle systems can be 
inevitably subjected to the dissipative forces resulting from inelastic collision effect 
[13-15]and damping effect [16-19], and particularly these dissipative forces have 
significant effect on the energy transport property of particles. Since the inelastic 
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collision effect is sustained only in the instant of collision while the damping effect 
does ceaselessly in the process of movement, the damping effect appears to be more 
interesting for the purpose of enriching the entire dynamical knowledge of the particle 
systems.  
In this paper, the energy transport property of the charged particle system with 
time-dependent damping force will be investigated. Based on the nonlinear 
dimensionless mapping, the stability and dynamical evolution will be analyzed with 
the help of eigenvalue analysis method and invariant manifold analysis in phase space. 
In addition, the energy transport behavior will be evidently classified by the basin of 
attraction. Finally, theoretical analysis will be verified by numerical results. 
2. System Description and Modeling 
In this paper, we will investigate the energy transport property of the charged 
particle system with time-dependent damping force. The system consists of a metal 
particle of mass m  or an ensemble of non-interacting particles moving between two 
metallic blocks. One block is fixed at x l , while the other is moving in the form of 
the equation 
0
co s( )x t  ò . Since the two blocks are charged with opposite 
charges, an electric field E  can be generated. So the particle will suffer from an 
electric field force 
e
F q E  as long as it moves between the two blocks [8].  
Provided that the particle moves in such a specific medium as air, water and oil, 
then the movement of the charged particle will be affected by the viscous drag force. 
In nature, the drag force is one class of typical time-dependent damping forces. Here 
the drag force’s magnitude is regarded as proportional to the particle’s velocity, i.e., 
'
d
F v . (where '  is the viscosity). So the resultant force '
e d
F F F E q v     
acts along the entire trajectory of the charged particle. Based on Newton
’
s second law, 
we have 
 d / d 'm v t E q v    (1) 
Supposing that the initial condition of the particle is 
n
v v  at the instant 
n
t t  
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with the initial position at 0x  , then by solving the differential equation (6), we 
obtain the velocity of the particle 
  
'
( ) ' '
n
t m
v t v q E e q E

 

     (2) 
The corresponding position is derived by a direct integration of Eq.(2) 
  
' '
( ) 1 '
'
n
v q E t m
x t e q E t
m
 


  
   
 
  (3) 
The mapping '
d
T  is derived by a discrete sampling of ( )v t  at the instant of 
collisions with the moving block.   
 
   11 1 0'
1 1
'
' ' 2 s in
:
n
n n n
d
n n n
t m
v v q E e q E t
T
t t t

   
 
 
  
    


  
ò
  (4) 
where the term  1 0n2 s i nt  ò  gives the corresponding fraction of the particle’s 
velocity gained or lost in each collision with the moving block, and the time interval 
1n
t

  between two collisions with the oscillating block must satisfy 
  1 1
' '
1 ' 2
'
n n
n
v q E t m
e q E t l
m
 




   
    
 
  (5) 
For simplicity, a new set of dimensionless variables / ( )V v l , 
1
'/ ( )l   , 
2
2
/ ( )q E m l   and / l  ò  are defined. Here let 
1 1 0n n
t  
 
  , then Eq.(4) can 
be rewritten as the following nonlinear mapping 
 
1 1 2 1 1
1 1
2 2 s in
:
( ) m o d 2
n n n n
d
n n n
V V
T
    
   
  
 
     

  
  (6) 
where 
1n


  meets the following condition 
 1 12 2
12
1 1 1
( )(1 ) 2n
n
n
V
e
  

  

 

       (7) 
The fixed points of mapping (6) can be obtained by calculating *
1n n
V V V

   
and *
1n n
  

   
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where k  is a positive integer, the parameters 
1
 , 
2
  and   should satisfy Eq.(9) 
 
2 1
( ) / 1k       (9) 
From Eq.(8), it can be clear that there are k  pairs of fixed points in this particle 
system. For brief, two symbols 
1
F  and 
2
F  denote one pair of fixed points. 
3. Numerical Results and Manifold-Based Analysis 
Since the particle system can exhibit a great variety of energy transport behaviors 
such as energy diffusion or decay in the process of system dynamical evolution, the 
energy transport property of charged particle is tightly relevant to the dynamical one. 
So in this section, the energy transport behaviors will be investigated from the 
standpoint of dynamics. 
3.1. a Glimpse at Energy Transport Behaviors via Numerical Simulation 
When 3
1
1 .0 1 1 0

  , 4
2
2 1 0

   and 
3
1 1 0

  , Fig.1 shows the 
time-domain waveforms of the velocity V  from different initial conditions. From 
Fig.1(a), it is found that when the initial conditions are (0.4, 1.7) and (0.13, 3), the 
particles eventually reach two different steady states, i.e., fixed points corresponding 
to 1k   and 2k  , respectively. However, when initial conditions are (0.4, 0) and 
(0.13, 0), the interesting thing is that there is another steady state fluctuating about 
0 .1 9 8V   (seen in Fig.1(b)). This means that a strange energy transport behavior 
occurs in the particle system. 
  
                     (a)                             (b) 
5 
 
Fig.1 (a) Time waveforms of velocity V  from different initial conditions (b) Close-up view 
3.2. Manifold-Based Analysis in Phase Pace 
Based on the nonlinear mapping (6), the above transport behaviors will be 
investigated in terms of invariant manifolds in phase space. To start with, we began to 
investigate the local stability of the fixed points, which is determined by the 
eigenvalues of the Jacobian matrix in the neighborhood of the fixed point. 
The Jacobian matrix J  in the neighborhood of fixed points * *( , )V  is derived 
as 
 
 
1 1
1 1
* , *
n n
n n
n n
n n
V
V V
V
V


 

 
 
  
 
 
 
   
 
  
J   (10) 
Then the eigenvalue   can be derived by solving d e t( ) 0  I J , where I  is 
unit matrix. 
When 3
1
1 .0 1 1 0

   and 
3
1 1 0

  , Fig.2 gives the eigenvalue loci of 
Jacobian matrix J  in the neighborhood of the fixed points 
1
F  and 
2
F  with the 
increase of 
2
 , respectively. From Fig.2(a), one can see that since 
1
1   and 
2
1   
always hold under the constrained condition of Eq.(9), the fixed points 
1
F  are saddle 
points. This implies that the particle motion on these points is unstable. From Fig.2(b), 
it can be seen that the modulus of a pair of conjugate complex eigenvalues 
1 , 2
  are 
smaller than 1 at all times. Accordingly, the fixed points 
2
F  are attractor points. This 
indicates the motions of particle are always stable on the points 
2
F .  
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                      (a)                             (b) 
Fig.2 Eigenvalue loci of Jacobian J  in the neighborhood of (a) fixed points 
1
F  (b) fixed points  
2
F  with the increase of 
2
  
When the inequality (9) is satisfied, the largest integer k  is 3k  . This means 
that there are three pairs of fixed points, where one is saddle point and the other is 
attractor point for each k . Here we assume that 
k
S  and 
k
A  denote a saddle point 
and a attractor point, respectively ,then 
1k
S , 
2k
S  and 
1k
U , 
2k
U  are two stable 
manifolds and two unstable manifolds corresponding to the saddle point 
k
S , 
respectively. 
Fig.3(a) shows the stable and unstable manifolds corresponding to all three saddle 
points 
1
S , 
2
S  and 
3
S . Fig.3(b) gives a close-up view near 0 .1 9 8V   of 
Fig.3(a) .It is clear that the manifolds of saddle points 
1
S  and 
2
S , 
3
S  are 
completely separated by an “energy barrier”. To further analyze the energy evolution 
of the particles, Fig.3(c), (d) and (e) illustrate the manifolds near the fixed points 
k
S  
and 
k
A , respectively. As shown in Fig.3(c), the two stable manifolds 
1 1
S  and 
1 2
S  
come from the high energy region of phase space. The unstable manifolds 
1 1
U  
evolves to the attractor point 
1
A , while 
1 2
U  evolves to the low energy region but 
never passes through the “ barrier”. From Fig.3(d) and (e), one can see that unlike 
1
S , 
the stable manifolds 
2 1
S , 
2 2
S  and 
3 1
S , 
3 2
S  origin from the low energy region. In 
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addition, the unstable manifolds 
2 2
U  and 
3 2
U  evolve towards the attractor points 
2
A  and 
3
A , respectively. In comparison with 
2 2
U , 
2 1
U  evolves to the higher 
energy but never passes through the same “barrier”. Note that some points of 
3 1
U  
evolve to the same region as 
1 1
U  and 
2 1
U  while some of them converge to the 
attractor point 
2
A . Fig.3 allows us to conclude that the particle system can exhibit 
two types of energy asymptotic behaviors, i.e., the attractor points 
1
A , 
2
A  and 
3
A , 
and the “ energy barrier”. 
 
(a)                       
 
                        (b)                      (c) 
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   (c)                      (d) 
Fig.3 (a) Stable and unstable manifolds of all saddle points (b) Close-up view near 0 .1 9 8V    
(c), (d) and (e) Manifolds near the fixed points for 1k  , 2k   and 3k  , respectively 
In order to make a clear classification of the energy transport behaviors, one of 
the most powerful tools characterizing the asymptotic behavior of a dynamical 
evolution known as basin of attraction is presented in Fig.4, where the red, light blue 
and blue region represent the basin of attraction corresponding to 
1
A , 
2
A  and 
3
A , 
respectively. If compared, most of the region is covered by the mint green, which 
represents the steady state of these initial conditions is the “energy barrier”. Thus, it is 
concluded that the asymptotic behavior to the “barrier” is a special but global energy 
transport behavior in this particle system. Besides the initial conditions converging to 
the attractor points 
1
A , 
2
A , 
3
A , most of particles reach the “barrier” as shown in 
Fig.4.  
 
Fig.4 Basin of attraction corresponding to 
1
A , 
2
A , 
3
A  and the “barrier”  
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From the numerical results, it is shown that a special but global energy transport 
behavior to the “barrier” occurs in the particle system. To give a more evident 
explanation, we choose the initial condition (0 .4 , 0 )  so that the steady state is the 
“barrier”. From the phase portrait in Fig.5, we can observe that the “barrier” 
surprisingly appears in the form of one invariant spanning curve because such 
invariant curve usually emerges in non-dissipative particle system [20, 21]. Now the 
following question may be posed: whether dose the “barrier” contribute to the fact 
that the resultant force F  between the two blocks equals to zero? 
 
Fig.5 Phase portrait 
If the resultant force F  is zero, i.e., ' 0E q v  , then the variable V  will be 
used to express the equilibrium position in Fig.5 
 
2 1
/V      (11) 
  Obviously, the position of the “barrier” is determined by the parameters 
1
  and 
2
 . To make a verification of Eq.(11), Fig.6 gives the numerical and the theoretical 
results of the relationship between the variable V  and 
2
  when 
1
  is fixed at 
3
1 .0 1 1 0

 . It is found that the two results are in good agreement. 
0 π 2π
0.195
0.196
0.197
0.198
0.199
0.2

V
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Fig.6 Position of the “barrier” as a function of 
2
   
 Based on the above analysis, it is found that the “energy barrier” in this particle 
system is essentially an invariant spanning curve. Different from non-dissipative 
particle system, the position of the invariant spanning curve depends on the system 
parameters rather than the initial velocity. In non-dissipative particle system, the 
energy of the particle on this invariant curve will get back to the initial energy again 
after some collisions. On the contrary, when the particle system suffers from 
time-dependent damping force, the initial velocity will begin increase or decrease to 
the invariant curve, and eventually remain on the invariant curve, as shown in Fig.1. 
4. Conclusions 
In summary, we have investigated the energy transport properties of charged 
particles with time-dependent damping force. It has been found from the 
manifold-based analysis that there are two types of energy transport behaviors in this 
particle system. Surprisingly, the charged particle system possesses one generalized 
invariant spanning curve, an “energy barrier”, whose position in phase space is 
directly determined by the system parameters 
1
  and 
2
 , i.e. the electric field force 
e
F  and the drag force 
d
F . These results can be applied to such charged particle 
systems suffering from a resultant force 'F q E v   , where '  is viscosity, 
depending on the specific medium. 
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